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^r*\ Abstract: In this paper we discuss some special (critical) background solutions that arise 

in topological gauged Af = 8 three-dimensional CFTs with SO{N) gauge group. These 
solutions solve the TMG equations (containing the parameters fi and /) for a certain set 
of values of fil obtained by varying the number of scalar fields with a VEV. Apart from 
Minkowski, chiral round AdS^ and null-warped AdS^ (or Schrodinger(z = 2)) we identify 

jQ^. also a more exotic solution recently found in TMG by Ertl, Grumiller and Johansson. We 

also discuss the spectrum, symmetry breaking pattern and the supermultiplet structure in 
the various backgrounds and argue that some properties are due to their common origin in 
a conformal phase. Some of the scalar fields, including all higgsed ones, turn out to satisfy 
three-dimensional singleton field equations. Finally, we note that topologically gauged 



> 

o 

t^^ ' A/" = 6 ABJ(M) theories have a similar, but more restricted, set of background solutions. 
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1 Introduction 

The purpose of this paper is to discuss some of the background solutions in topologically 
gauged CFTs in 2 + 1 dimensions with M = 8 supersymmetry and an arbitrary SO{N) 
gauge group [1, 2] and to point out some of their properties relevant in this context. Apart 
from Minkowski, and well-known geometries like round AdS^ and null-warped AdSs found 
already in [2], we here identify a new more exotic one belonging to a different category 
of solutions as will be explained below. The main point of this paper is to argue that 
only very special solutions in topological massive gravity (TMG) will appear due to the 
connection to the unbroken superconformal phase of the theory. 

Topological gauged CFT refers in general to superconformal Chern-Simons(CS)/matter 
field theories in three dimensions whose global symmetries have been gauged by coupling 
the theory to conformal supergravity. In three dimensions conformal supergravity is gov- 
erned by gravitational CS terms [3, 4] and is therefore topological in nature. Topologically 
gauged CFTs of this kind were first discussed in [1] where the gauging was applied to the 
ordinary Af = 8 BLG theory [5-7]. For the TV = 6 ABJ(M) theories [8, 9] the same type of 
construction was obtained shortly afterwards in [10] where a new potential for the scalar 
fields was found as we will have reason to briefly discuss later. Entirely new theories with 
local M = 8 conformal supersymmetry, SO{N) gauge groups for any N and new scalar 
potential terms were subsequently discovered in [2] which also completed the task, set by 
the authors of [1] , of gauging the BLG theory. 

The topological properties of the gravitational sector of the theory are important for 
what kind of degrees of freedom it describes. Thus, one of our goals will be to initiate an 
analysis of the spectrum in the different broken phases of the gauged theory with SO{N) 
gauge symmetry. The higgsing that turns the CS gauge fields into massive vector fields will 
be discussed in detail, and we will present some exact formulae for the interactions with 
the remaining scalar fields. We will also note that the higgsed scalars satisfy the singleton 
field equation. 

The construction of the topological gauged BLG theory was started in [1] and com- 
pleted in [2] where it was also found that if one turns off the BLG interactions it becomes 
possible to generalize the gauge symmetry from 50(4) to SO{N) for any N. This was 



shown using three different methods, one of them being the Noether method.^ Since no 
details of the derivation of the potential using the Noether method were given in [2] we 
present some of the details in the appendix, restricting ourselves to the SO{N) theory 
which starts from the free matter theory. We stop the presentation at the point where 
we can deduce the new potential terms. The appendix also discusses the SO{N) gauge 
field and presents a more direct argument for the normalization of the SO{N) CS term 
than that given in [2]. The reader may consult [2] for the complete arguments showing the 
existence of these A/" = 8 topologically gauged SO{N) theories. 

Before we turn to the theory with A/" = 8 let us very briefly review the situation for 
A/" = 6. The topologically gauged ABJ(M) theory was obtained in [10] and discussed 
further in [13] (see also [2]). Apart from the superconformal gravity sector and a standard 
ABJ(M) theory it contains a new Uji{l) CS gauge field and a number of new interaction 
terms. In particular one finds a new scalar potential and the expected conformal coupling 
term —■^\Z\'^R between the curvature scalar and two scalar fields Z^ which are complex 
in this case: lower case indices are three-algebra and upper case fundamental 5C/(4) R- 
symmetry indices (for details, see [10]). The potential is then found to consist of the 
original (single trace (st)) term 

^AB.J{M) = i\^ Bd\ ■, i Bd = ^J cdZaZfjZ^ + Af cd^g Za ' Z^ Z^ , (l.lj 

plus the following new terms: with one structure constant (double trace (dt)) 

V^fJ = -\g\r\m'Z^Zi:>ZhZi - \g\r\,Z^Z^{Z^Z%)Z^cZ'h , (1-2) 

and without structure constant (triple trace {tt)) 

Vj^fl = -gHji^,{\Z\'f - ^\Z\'\Z\' + ^|Z|6) , (1.3) 

where A = ^ (fc is the CS level) and g the gravitational coupling constant. 

We can now break the conformal symmetries by introducing a real VEV v for one of 
the scalar fields Z^ [10] and consider the following terms in the lagrangian^: 

L{v) = -\Lcsiu) - \eR - eV{v), (1.4) 

where only the triple trace terms contribute to the VEV of the potential y{v). By compar- 
ing to the TMG lagrangian discussed in the context of chiral gravity by the authors of [14] 
(but with an opposite sign in front of the whole lagrangian) we find that their parameters 
can be expressed in terms of the ours, v and g, as follows (A = —ji) 

1,-9 ^2 _ 8 1 _ g^V^ /-, rN 



^The other two methods used in [2] are the on-shell superalgebra method and superspace. In this work 
the superspace method was finally successfully applied to this particular problem which has a number of 
special features, see, e.g., [11, 12]. 

^The coupling constant g was later introduced in [13] but is not really crucial for the argument. 



which shows that the chosen VEV produces a theory that sits exactly at the chiral point: 

Hl = l. (1.6) 

Below we will repeat the above search for a critical AdS^ solution in the M = 8 case. 
We will find that this does not work unless we generalize the VEV to several scalar fields, a 
fact first observed in [2]. This step will generate a set of solutions which will be elaborated 
upon in section 2. In section 3 we discuss the spectrum and supersymmetry in the various 
backgrounds. Here relations to AdS^ singletons seem to appear. A few comments are 
collected in section 4 and some computational details of the Noether construction of the 
potential can be found in the appendix. 

2 Field equations and background solutions 

In this section we will find and discuss a number of background solutions. Two of these were 
briefly mentioned in [2] and are known to be in some sense (see below) critical. Here we 
will also identify a new solution that is unfortunately less well understood. Supersymmetry 
and other properties of these backgrounds will be discussed in the following section. 

2.1 The bosonic part of the lagrangian with SO{N) gauge symmetry 

The bosonic part of the action consists of the following terms [2] 

Lbos = -^Lcs{lu) + gLcs{B) - gLcs(A) - ^a^'^D^X^D^Xl - j^X R - eV{X), (2.1) 
where the various Chern-Simons terms L(jg/\ are normalized in the conventional way: 

LcsiA) = \e^''\Afd,Af + ^<ArO- (2.2) 

The conformal coupling X^R is the d = 3 version of the general case 

L = -1(5,^)2 -^$2^, (2.3) 

and the new SO{N) potential, which is a special combination of triple trace terms (recall 
that the BLG structure constants have been set to zero in this SO{N) theory), can be 
written as a square as follows 

V{X) = ^,{X'Xl - AXiXlXlf, (2.4) 

where the indices a, 6, .. and i,j, ... are vector indices of the gauge group SO{N) and R- 
symmetry group SO{S) , respectively. The covariant derivative is D^ = d^+uj^ + B^ + A^. 
See the appendix for conventions and [2] for additional details. 

We can now vary these terms to get the equations of motion for the bosonic fields which 
we will later linearize to find the spectrum, analyze stability etc. To properly analyze the 
issue of stability one needs, in fact, to go beyond the linear level (see, e.g., Maloney et al. 
[15]) but that will not be done in this paper. 



Since a single scalar VEV < X >= v (for one component X\ of X*, say) solves the 
Klein-Gordon equations we can just insert the VEV into the lagrangian to analyze which 
geometries will satisfy the gravitational field (Cotton) equation. To this end we need the 
background value of the potential: 



V{v) = |fS4. (2.5) 

This is, however, a factor of 9 wrong if we had expected to end up at the chiral point as in 
the ABJ(M) case [10]! This is easily seen as follows. By considering the gravitational CS 
term, the X^R term and the potential evaluated at the VEV we get 

LvEV = -\Lcsi.) - tJ^ - e^(^)- (2-6) 

This may be compared to the action used by Li, Song and Strominger (LSS) [14] in their 
analysis of the chiral point^: 

Llss = -Mi^csi.) + e{R - 2A)). (2.7) 

Thus in this case /^ = -^ and v^ = -|. The chiral point condition is /i/ = 1 where / is 
defined in terms of the cosmological constant as usual: A = — t^-. This implies that, to end 
up at a chiral point, the potential must satisfy 

Viv) = -iL^v) = -^ = ;^ = ^ = ¥ = ^ = 26i> (2.8) 

which differs from the background value above by a factor of 9. In [2] the observation was 
made that if two scalar fields are given the same VEV this factor of 9 disappears and one 
ends up at the chiral point with fil = 1. In fact, by giving three scalar field the same VEV 
we find instead that jjlI = 2> which has a null-warped solution. Below we will elaborate on 
this situation and discuss the other values of ^l that appear. 

The reason we expect the chiral point value /// = 1, or other special values of /i/, to 
play a role here is that we want to avoid massive propagating gravity modes in the bulk 
[15] which are not there in the conformal phase [1]. Introducing a similar kind of VEV 
in the ABJ(M) case [10] leads, in fact, directly to the chiral point as was reviewed in the 
previous section. That special "critical" values of /i/ are relevant for the broken phases 
also in AA = 8 theories will be a working hypothesis adopted in the following. This will be 
crucial also for what kind of conformal field theories that can arise at the boundary of the 
AdS or the null Killing vector backgrounds that we will find later. Note that Minkowski 
does also arise as a solution which may have a rather special "boundary CFT" (see [19, 20] 
and references therein). We will not discuss boundary theories in any detail in this paper 
but we should mention here that one case that appears as a solution is the null-warped 
AdS^ with its Schrodinger symmetries at the boundary discussed, e.g., in the context of 
cold atoms [21-23]. 



^Note that this is a TMG [16] type lagrangian with signs opposite to those used by LSS in [14]: the 
signs used in our paper are dictated by the unitarity of the scalar field sector and supersymmetry and can 
not be changed. However, even supersymmetric phases may have unitarity problems (appearing here only 
at the boundary) as indicated by the results of [14] and [17]. 



As just mentioned, one important aspect of the critical point of Li, Song and Strominger 
[14] is that there are no massive gravity modes present. The degeneration that occurs in 
the spectrum when tuning the non-critical TMG theory to its critical value may result in 
log-modes which would be problematic from a unitarity point of view^ (see, e.g., the recent 
review [24]). However, as explained in [15] by choosing the boundary conditions one can 
consistently truncate the theory to a chiral subsector. A similar phenomenon may be at 
work also in the null- warped case as argued in [25]. The behavior of scalar fields in this 
context has been discussed for instance in [26]. Other general properties stemming from 
the fact that the theory comes from a conformal phase may be extra symmetries as found 
for the null- warped metric (see below)^. 

2.2 Bosonic field equations and background solutions 

We here summarize the bosonic field equations found in [2]. The Cotton equation reads 

-^{D^XID,X\ - \g^,D'^XiD,Xl) - ^g^.OX^ + f^D^D^X'' = 0. (2.9) 

Turning to the matter sector we first give the scalar field equation. Discarding the 
fermions it becomes DXI^ — -gX\R — dxi V{X) = which can be seen to be consistent with 
the trace of the Cotton equation. Using the expression for the potential the Klein-Gordon 
equation (without fermions) becomes 

^^{sx^ix'f - 8xi{xix^)(xix',) - x^x^xlxlxl + \%xi{xixl){xlx^,)). 

(2.10) 

Finally, for the R-symmetry gauge field we have the following field equation 

e^-^ G% + g eg^-xlD^X^} = 0, (2.11) 

while for the SO{N) gauge field A^'' we get 

- 2e^^^ F.pab + 9 eg'^-'XlD^Xl] = 0. (2.12) 

The field equations for the two vector fields are trivially satisfied in the backgrounds we 
use here. Thus we can concentrate our efforts on the Cotton and Klein-Gordon equations. 
We now demonstrate that these last equations allow for a number of different back- 
ground solutions two of which were briefiy mentioned but not analysed in [2]. The first 
step will be to solve the Klein-Gordon equation. To do this we introduce a VEV px p unit 
matrix vl by setting 

X\ =< X\ > +x\ = v6{ + x\, (2.13) 

*See, however, the previous footnote. 

^Extra symmetries have, in fact, also been found at the chiral point [27]. 



where the VEV term proportional to 6^ {I = l,2,..,p, A = l,2,...,p < 8 or p < A^ if 
N < 8) means that the scalar fields that are given the same VEV v are the first p ones 
along the diagonal starting from the upper left-hand corner of the rectangular matrix X^a 
having 8 rows and A^ columns. Recall that the indices take the values i = 1,2,..., 8 and 
a = 1,2, ..., A^ where N can be any positive integer. The capital indices A, B, .. and /, J, .. 
are thus of the same kind as far as their transformation properties are concerned and we 
will not distinguish between them from now on. x^a are the fiuctuations relative these 
VEVs. We thus have, e.g., X"^ = X\X\ = pv^ + 2vz + x^, where the trace x^ i = z and 

9 7 7 

For the index choice i = I,a = A the scalar field equation in the background of the 
matrix VEV becomes 

;? = 6A = -f = -T^5'^'(P - 4)2, (2.14) 

where R refers to the background value of the curvature scalar. This equation will be 
a constraint valid in all considerations to be made in the rest of the paper whether the 
background is maximally symmetric or not. In order to discuss the other scalar equations 
we split the indices as follows: 

i = {I,i), a={A,a). (2.15) 

We then note that using i = I,a = a etc, the remaining scalar field equations are trivially 
satisfied since there are no VEVs connecting the two indices in these cases. 

What remains to be solved is the Cotton equation. To do this for general values of p 
we consider first the lagrangian with the background put in for all fields except the metric: 

LvEV = -\Lcsi.) - T? ^ - frAlP^ - ^f- (2-16) 

Comparing this to the lagrangian used in the analysis of LSS [14] 

L = -U]lLcs{.) + e{R + ^)), (2.17) 

we can read off its parameters expressed in terms of our variables v^g: 

kV = 5, -^ = ^, ^=P{p-^?Ml^ (2.18) 

where k^ and / have dimension L^ and /i dimension L~^ since g is dimensionless. Recall 
that the field X*a and thus v has dimension L~^'^. The parameter relations above can be 
written 

,, _ 9 - m^ 1 - 1 2-32 _ 16 (r> ^0l\ 

f^ ~ '^ ~ 16 ' '' ~ K \p-4\^v'->g ~ \p-4:\gv^ ' K^^-^^J 

and hence 

^/ = |l-||-i. (2.20) 

This equation gives the following values for p = 1,2, ..., 8: 



Ail = i 1,3, 00,5,3,^,2. (2.21) 



The interesting cases are p = 2 which ahows for an ordinary critical (chiral) round AdS 
solution together with p = 3 and p = 6 both having a null-warped AdS (see [25, 28] and 
references therein) as a possible solution. This latter solution has a non-zero Cotton tensor 
but a constant curvature scalar as we saw above is a property all solutions must satisfy. 
Also p = 4 is interesting since the potential vanishes and the solution is flat Minkowski 
space-time. Recent work like [19, 20] might be relevant in this case. These geometries are 
all very well-known and will be described briefly below. However, for p = 5 we get /i/ = 5 
which is intriguing: a solution with /xl = 5 was discovered only recently by Ertl, Grumiller 
and Johansson (EGJ) [29] and as we will see below the way this solution is obtained is very 
different from the others mentioned here. 

Thus several of the /i/ values in the list above can be connected to solutions of TMG 
that are critical or in some sense special, at least this is the case for p = 2,3, 4, 5, 6. It 
is therefore natural to wonder if the remaining values also have special solutions which, 
however, have not yet been found in TMG^. Note that non-critical solutions based on 
the round AdS-s exist for any value of fil but then there are propagating massive (positive 
energy) gravitons. In this context we may remind the reader that the theories discussed here 
have a potential problem with unitarity due to negative energy black holes and boundary 
modes. For a discussion of this issue in bosonic TMG, see [31]. Some relevant comments 
concerning supersymmetric theories can be found in [17]. 

2.3 Some properties of the special (critical) solutions 

In this subsection we discuss some of the special solutions of the Cotton equation that are 
possible for the values of fxl that appeared for the different choices of scalar VEVs. There 
are several recent attempts to classify the known solutions of TMG, see for instance [32-34] 
and [29]^. These papers also contain some new solutions as well as most of the original 
references for the previously found solutions which appear in various guises in the literature. 
E.g., in [33] the Petrov-Segre classification is defined and shown to directly account for the 
known solutions as belonging to a very limited set of classes. We will, however, be mostly 
concerned with a method discussed first by Clement [37] and later used in [29]. In the latter 
work the authors divide the construction of stationary axi-symmetric TMG solutions into 
sectors called Einstein, Schrodinger, warped and generic. After observing that all known 
solutions belong to the first three classes they go on to construct a new solution that 
belongs to the general class and which turns out to have rather special properties. The 
metric has fil = 5 and is non-polynomial in the radial coordinate r (see below). 

It is convenient to use light-cone coordinates such that three-dimensional Minkowski 
space-time with signature ( — \- +) is described by the metric 

ds"^ = dp^ + 2dudv, (2.22) 

where p is the "radial" coordinate taking values from — oo to -|-oo and 2dudv = —dt^ + dx^. 



The value jj.1 = 2 does in fact come up in the context of BTZ black holes [30]. I am grateful to H.R. 
Afshar for pointing this out to me. 

^A complete classification of all homogenous solutions with vanishing scalar invariants in TMG, NMG 
and GMG [35] can be found in [36]. 



In the literature other closely related coordinates appear: for instance the coordinate 
r (0 < r < oo) related to p by 2p/l = log{r/l) is often used. Note, however, that in the 
reference [29] p corresponds to our radial coordinate r. Also, the commonly used coordinate 
z can then be introduced by r/l = z~'^. 

The existence of global coordinate systems that turn the Poincare patch into a geode- 
cically complete space are very important in the cases below. This is one of the features 
that may be common to all the solutions that we call "critical" in this paper. The global 
coordinates for the round AdS^ are well-known and the null-warped case is thoroughly 
discussed in [38] while the situation for the EG J solution with /// = 5 is not clear. 

Critical AdS-^ {p = 2, pi = 1): The metric for the round AdS^ with radius / is 

ds^ = dp^ + 2e'^'''Uudv = f— + —dudv = —{I'^dz^ + 2dudv). (2.23) 

Criticality refers in this case to the fact that the massive bulk gravity mode disappears and 
a potentially chiral boundary theory becomes possible as pi is tuned to one [14, 15]. In the 
context of this paper with a large number of scalar fields present, the chiral limit should be 
reconsidered. Some relevant results in this direction may be found in [26]. Since in three 
dimensions the Weyl tensor vanishes, the Riemann tensor is given entirely by the traceless 
Ricci tensor and the curvature scalar. It then follows that being Einstein is equivalent to 
being maximally symmetric, and hence the above metric is the unique solution of TMG 
with zero Cotton tensor*^. This corresponds to the class O in the Petrov-Segre classification 
in [33] and to the Einstein sector in [29]. 

In [32] the Killing spinor equation is solved and shown to have two solutions corre- 
sponding to the two components of a spinor in three dimensions. Thus this background 
allows for eight ordinary AdS^, supersymmetries in the context of this paper. 

Null- warped jddS'a or Sch^{z = 2) {p = 3, 6, pi = 3): To obtain the relation z = ^^-^ 
we can use the ansatz ds^ = dp^ + 2e^"'(iudv it e^'^^P'^du^ to solve the Cotton equation in 
TMG. For the value 2 of the dynamical scaling parameter z, corresponding to pi = 3, the 
solution is critical in the sense that among the solutions with a null Killing vector it has 
no tidal forces, a global coordinate system [38] and an extra conformal generator [21, 22]^. 
As discussed in [25], it may also be possible to truncate the spectrum in a chiral fashion 
similar to the pi = 1 case of the previous subsection. This metric can be written as follows 

ds"^ = dp^ + 2e^P/Uudv ± e^f^^du^ = f-^ + -^dudv ± ^du'^ = -^{fdz^ + 2dudv) ± -^, 

(2.24) 

where the properties of this geometry depend on the sign in front of the last term, see [28]. 

In this case we know from [32] that the three-dimensional geometry can only support 

one (component) supersymmetry due to the presence of a null Killing vector (without being 



For non-Einstein solutions with fil = 1, see [39]. See also [33]. 
^This fact is important for the condensed matter applications to Fermi gas/cold atom systems. For other 
properties of this geometry relevant for applications, see [23, 40-42]. 



the round AdS). In fact, the existence of a Kihing spinor in this geometry imphes that 
there is a nuh vector K^ satisfying 

D^K, = -e^upRP. (2.25) 

Turning the argument around [32] , assuming a null Killing vector (not necessarily satisfying 
the anti-symmetric part of the above equation), the TMG geometries are just the super- 
symmetric ones given above allowing, however, also for their orientation flipped versions. 

The EG J solution {p = 5, fil = 5 ): This solution was first obtained by Ertl, 
Grumiller and Johansson (EG J) in [29]^'^ using an approach discussed originally by Clement 
[37]. To find all solutions of TMG that are stationary and axi-symmetric one may adopt 
the following ansatz for the metric: 

ds'^ = {deth)^^dr'^ + haj3dx'^dx^ = {det h)~^ dr'^ + hj^^dudu+2h^ dudv+h dvdv, (2.26) 

where the three functions in the ha/s part of the metric depend only on the radial coordinate 
r. (In this subsection we use the conventions of [29] apart from renaming their coordinate 
p as r and denoting derivatives by a prime instead of an over-dot.) Thus we denote the 
functions h^^,h and h^ as X~^ ,X~ ,Y, respectively, and note that 

det h = X+X- - Y^ := X'X^r]ij, (2.27) 

defines an auxiliary fiat metric i] with signature (-|-,— ,— ). Setting X* = (X'^ ,X^ ,Y), 
we find that (the physical) Minkowski space corresponds to X* = (0, 0, 1) and the max- 
imally symmetric AdS^ to X* = (0, 0, r) while the null-warped case is obtained from 
X* = (r^,0, r). In all these cases X • X =0 and X =0 which can be shown to 
imply X = 0. As emphasized in [29] the first two conditions reduce the phase space 
to a four-dimensional hypersurface. The new solution with fd = 5 will not satisfy these 
conditions and therefore seems to make use of the entire six-dimensional phase space. The 
functions X* then no longer satisfy X =0 and will, in fact, become non-polynomial in 
the radial coordinate. No closed form of the solution is yet known. 

The set of equations obtained by using this ansatz for the metric in the Cotton equation 
divides into a hamiltonian constraint, which involves fields acted upon by at most two r 
derivatives (see below), and three equations for the X* containing also cubic derivatives. 
However, one can integrate the third order equations once by employing the fact that the 
"angular momentum" associated to the Lorentzian symmetry of the dynamical equations 
containing rjij and X is a constant of motion. In fact, acting with a derivative on 

J = X X X' -F iX X (X X X") - ^X' X (X X X'), (2.28) 

results in a cross product of X and the third order equations of motion. Thus one wants 
to solve this last equation together with the following second order equation, which is the 
hamiltonian constraint in the TMG theory. 



oX + -TT ej,i.X*X ■'X 



"k 



^2 eijkX'X^X ^ = 0. (2.29) 



"'For an earlier analysis using these methods, see [15]. 



In fact, all the dynamical equations follow from the following TTM (topologically massive 
mechanics) action [37]: 

Stmm = j dpe{\e-''±^ - | - ^e-^e^.kX'x'i X"^), (2.30) 

where also an einbein e has been introduced. 

These equations also imply that that the curvature scalar can be expressed as 

// 3 /2 6 , ^ 

i? = 2X-X +-X =--^, 2.31 

which, if combined with the hamiltonian constraint, implies 

/iX • X" + X • X' X X" = 0. (2.32) 

Following Ertl et al. [29] for /x/ = 5, if we set (s = 0, ±1) 

X^lo = (1, 0, 0), X'^lo = /x(s, 0, 1), (2.33) 

we can start solving the equations in an iterative fashion. We find 

x"T|o = (x"+|o,0,y"|o), (2.34) 

where 

V"l - ^ y"'-\ y"+\ - 125 /Tr"'-n2 , 5s T^"'-| (c.or\ 

^ W — 2fl^ lO' ^ lO — 32f?y^ \0) + 4^^ lO- [Z.6b) 

Thus, one difference between this solution and the critical ones discussed above is that the 
component X~ is non-zero starting at third order in r. How this affects the possibility for 
this geometry to support supersymmetry remains to be clarified. 

Minkowski {p = 4, /x/ = oo): Recall that we are in this paper assuming that the 
relevant solutions are in some sense " critical" with properties that stem for their connection 
to a conformal phase. In the context of Minkowski space this is a particularlry delicate 
issue. However, we note that there are discussions in the literature about the possibility to 
tune an AdS bulk geometry to a flat space and follow what happens to the symmetries of 
the CFT at the boundary, see, e.g., [19, 20]. This could be telling us to define a "critical" 
Minkowski solution for p = 4 by relating it to the BMS algebra. ^^ 

3 Mode analysis and supersymmetry 

To study the spectrum we should expand the lagrangian and the field equations around 
the VEV V using 

X\ =< X\ > +x\ = v6\ + x\, (3.1) 

where the VEV matrix is proportional to the p x p unit matrix, i.e., A,I= 1, 2, ...,p < 8 
(or p < A^ if A^ < 8). Note that we have defined the upper index as the first one and the 



^^In relation to the second of these references we note that the Hmit used there to get the wanted flat 
space CFT is similar to tuning the VEV v introduced here to zero keeping g fixed! 
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lower as the second one (whether indices are upper or lower will not matter from now on) 
and that we in the broken phases do not need to distinguish between the two sets of capital 
Latin indices A,B,... and I,J,... As already mentioned we define also the remaining index 
values i and a by setting i = {I,i), a = [A, a). 

3.1 Symmetry breaking and massive vector fields 

At this point we can insert the VEV into the Klein-Gordon term in the lagrangian to 
determine the symmetry breaking pattern. The terms proportional to v"^ are 

L{v') = -\v\Af5'j, + Bii5^ = -\v\{Al^f + {Bl^f + {A^^ - B^^), (3.2) 

where a square means {A"^^)"^ = A^^ A^^ etc. Note also that we have adopted the 
summation rule that At'S^ := A'f^ 6^ etc. Thus the symmetry breaking of the bosonic 
gauge and R-symmetries is governed by the coset 

G/H : G = S0{8) x SO{N), H = SO{8 - p) x SO{N - p) x SO{p)diag, (3.3) 

where the factor SO{p)diag is the diagonal part of the two SO{p) groups coming from SO{S) 
and SO{N) after breaking. 

However, the two gauge fields involved in the SO{p) part of this system have differently 
normalized CS terms and the equations of motion need to be properly diagonalized to find 
the actual mass of the higgsed vector field. The combination of the two vector fields 
that remains a gauge field after breaking is determined as follows. The linearized vector 
equations read, for the R-symmetry gauge field, with 6B^ := b^ and 6A^ '■= a^, 

2e/^d,bp + gv^edP,{a, - hp) = 0, (3.4) 

and for the SO{p) gauge field 

^e^'^'d.ap + gv^e6P,{ap - hp) = 0. (3.5) 

As we will now see, the reduction of this system to a single vector field is similar to that 
used by Mukhi and Papageorgakis in [43] but will here in addition to the Yang- Mills term 
generate a topological mass term in a curved background. This is a consequence of the 
fact that the mass term is not a priori orthogonal to the massless gauge field. To see this 
we define 

Cp = 2a^-h^, c^ = a^ + 26^, (3.6) 

which satisfy 

eV5.c; = 0, e/Pa,c, = -^e(a^-6^) = -fe(3c;-c^), (3.7) 

where the mass m = gv"^. In the parity symmetric case studied in [43] the field c^ does not 
appear on the right hand side of the second equation. The general non-symmetric situation 
with arbitrary parameters in front of the various terms is, however, discussed in [44] and 
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contains the features seen here. Ehminating the field c' we obtain in our case the following 
field equation for Hj^l = d^^Cy — d^Cfj,: 

— — 771 — 

eD'^Hy^ = -e^''PHyp, (3.8) 

o 

which is a topologically massive gauge theory [45, 46] in a curved background. ^^ Thus the 
Yang- Mills coupling constant Qym ^^ proportional to the mass parameter m = gv"^. 

The last task concerning the vector fields is to rewrite the covariant derivative in terms 
of the gauge field c^ which will also give us a hint about the structure of the full non-abelian 
case. Thus, using the above expression for c' , we get 

and 

h^ = \{c^ + 2c;) = ^(c^ + ^^e/^^.c,). (3.10) 

Now we rescale c^ to cancel the factor ,, rename the field as C^ and express the covariant 
derivative as follows 

D^X'a = d^X^A + A^abX'b + B'/X\ ^ 

D,,X'a - -^{2{eDC'-^)^X\ - {eDCAB)^X' b), (3.11) 

bme 

where the new covariant derivative, also denoted Z)^, is 

D^X'a = O^X'a + C^abX'b + C'/X\. (3.12) 

A more complete treatment using the non-abelian field strength Hf^'l defined by the com- 
mutator as usual is obtained by the replacement 

ieDC''), ^ ie/^iZ,^. (3.13) 

To find the full non-abelian version of the above equations and to see how they can be 
solved also with the scalar source terms present we write the field equations schematically 
as 

2eF + 7n{A-B)=gXD{A,B)X, eG + m{A - B) = -gXD{A,B)X, (3.14) 

where all terms are gauge covariant in the broken phase (^4 and B are then the same gauge 
field up to covariant terms as we saw above). Solving for B from the first equation and 
inserting the answer into the second one gives, in the limit g ^ keeping m = gv"^ fixed, 

eF=AeP(eF) + ^e(eF,eF), (3.15) 

where P = d + A and where we have used 

eG{B) = eG{A + {B - A)) = eF{A) + 2eP{B - A) + 2e{B -A,B- A). (3.16) 



^^For a very nice discussion of tlie various mass terms tliat appear in this context and the relations 
between them, see [44]. 
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To linear order in — this gives the same field equation as obtained for C^ above. This may 
be compared to [44] where a similar set of equations is discussed. As seen there, choosing 
other combinations of the two gauge fields as the remaining one may lead to situations 
which require unlimited iterations of the kind we will see below when the scalar source 
terms are kept in the analysis. 

Turning on g implies that one needs to solve the equations iteratively to eliminate B 
in the derivative D = d -\- A + B which only appears in the expression XDX. This will 
produce an infinite series of terms in powers of — X^. In fact, the iteration needed is just 
to repeatedly eliminate B on the RHS of 

B = A + §^eF-^XPX -^X{B-A)X. (3.17) 

Formally the solution is (for m ^ 0) 

m{B -A) = S- o(f )'^(2ei^ " 9XPX){^r, (3.18) 

which gives the final answer when inserted into the second field equation. 

To summarize the situation in the gauge field sector: the vector fields corresponding 
to broken generators have all become massive in the higgs process and possess now one 
propagating mode each. The SO{p) gauge field in the final version of the theory is massive 
due to the appearance of both a Yang-Mills term and a CS term which is a generalized 
version of the higgs effect found by Mukhi and Papageorgakis [43] (see also [44] ) . The fields 
A°j^ and Bj/ , on the other hand, both get a mass from a term involving the square of the 
gauge field which as we saw above gets added to their respective CS term, and there are 
no Yang-Mills terms involved in these cases. In the next subsection we will identify the 
scalar fields that get absorbed by the vector fields in the higgsing process. 

3.2 Scalar mass terms 

When we now turn to the scalar fields we need to divide them as follows: 

X'a = {x'a, x'a, X^ a, x\), (3.19) 

where, since the indices A and / are identified, the last one must be further split into 

x'A = {z,w(''^\y^'^^). (3.20) 

Here w is symmetric and traceless and z = x = S^x^- The propagating modes absorbed 
by the gauge fields in order to become massive are x^ a, x^a and y^"^, respectively, for the 
three mass terms in L{v^) in the beginning of the previous subsection. These three scalar 
fields are thus eliminated by the higgsing leaving only the scalars x*a,-2,w^'^ in the theory. 
We need to expand the expression whose square gives the new potential around the 
VEV. Using X^a = v6^j^ + x^a we get 

X^Xi - A{Xixl)Xi = {pv^ + 2vz + x^){v6'a + x\) 
_4(^2^/j ^ ^^^ij ^ ^j7) ^ x\xh){v5i + x\)) 

= {p- A)v^5^A + v^{px\ + 2z6^A - ^x^" - Mx'^ + x^^)) 

+v{x^6{ + 2zx\ - 4.x'bX^b - Ax'^^x^" - Ax^^x^") + x^x*" - Ax\xhx^ a- (3.21) 
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The terms in the potential directly relevant for an analysis of the spectrum are of 0{v'^): 

(3p2 - 8p)x'^ + {12p - 64)^2 - 16(p - 3)x^''x^'' 

-16{p - 3)x'^x'^ + ASx^-^x^'' - 16(p - 6)x^^x^^. (3.22) 

We start by analyzing the scalar fields x*a- We find 

L{{x\)^) = -'^{D,x\f - U^\fR - j^2Pi^P - 8)(^^a)'. (3.23) 

Inserting the constant background value for R 

^ = -Wm9^^\p - 4)' = 6A(p) = -f , (3.24) 

gives 

^((^^a)') = -\{D,x\f - f^(p - 3){x\f. (3.25) 

Comparing the BF bound to the p = 2 scalar x*a mass value we see that they coincide: 

m\p = 2) = -^g\^ = A{p = 2). (3.26) 

Also the flat Minkowski case is unitarity since rh?(p = 4) > 0. One might also note that 
the two null-warped cases p = 3 and p = 6 with the same geometry (and perhaps without 
a BF-bound as argued in [47, 48]) seem nevertheless to be different since the masses are 
not the same for the two values of p. 

We now turn to the trace z = x^^ . Using X^ a = {v + |)5^ + •..., we get 

Oz - IzR - f i?(i) - ^15(p - 4fz = 0, (3.27) 

where we have included the first variation of the scalar curvature in case there is a mixing 
between z and a gravity mode. Inserting also the expression for the background curvature 
scalar R quoted above it reads 

az - jired'vHp - 4)'^ - f i?(') = 0. (3.28) 

To see if there is a mixing with gravity recall that 

rW := SR = -ah + V^V^h'"' - h^^R^u. (3.29) 

where R^^ is the background Ricci tensor which is non-trivial in all geometries except the 
round AdS. In our case we must allow for null-warped, and even more exotic, metrics 
with non-zero Cotton and traceless Ricci tensors. As we saw above, however, the scalar 
curvature is constant in all cases. We will continue the analysis of the field equation for 
z in the next subsection since we will need also the Cotton equation which is the main 
subject of that subsection. 

Next we consider the field w^"^ which is symmetric and traceless. We have 

Uw + 3^{p-Q)w = ^, (3.30) 
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corresponding to the mass 



r,2„,4 



m\w) = -^{p-6). (3.31) 

Note that once again the null-warped cases p = 3 and p = 6 are different with even a zero 
mass value in the latter case (which also happens for p = 3 m the case of x'a)- This is a 
property that will be significant for some of the other scalar fields in the discussion of the 
higgs effect below. 

For x\ and xi we find the same linearized field equation: 

Bx-lRx- si^g'^v'^ip -ifx = 0. (3.32) 

Inserting the background value for the curvature scalar we find for each of these fields that 
the total mass term vanishes for all values of p: 

Dx^ = 0, n4 = 0. (3.33) 

We may note that in three dimensions and for the round AdS, this happens to be the 
upper bound of the mass, using the standard formula also for d = 3, where both Dirichlet 
and Neumann boundary conditions are allowed. 

The final scalar field to analyze is the anti-symmetric part of x^ a- Recall the definition 
x^ A = {zjW^^'^' ,y^ '), with w traceless and z the trace of x^ a- One easily checks that the 
field y^"^ = x^^"^' behaves the same way as the last two scalar fields just discussed, namely 

n/-^ = 0. (3.34) 

Thus all scalar fields that are eaten by the vector fields corresponding to broken symmetries 
behave this way. Note that this is true in all the backgrounds discussed here^^. The 
zero mass Klein-Gordon equation is also the equation for the singleton in AdS^ [49], the 
implications of which need further study. However, it may be noted that in [49] the authors 
mention two different methods to realize singletons in the AdS^ bulk theory, either as vector 
fields or by involving D^ field equations. Only the first option seems to be realized in the 
present context of the topologically gauged theories considered in this paper (see, however, 
the next subsection). 

3.3 Linearized field equations for maximally symmetric backgrounds {p = 2, 4) 

Due to the complications in the warped cases we will in this subsection restrict ourselves 
to the conformally flat cases, i.e., we assume that the background is either the maximally 
symmetric AdS or Minkowski obtained for p = 2 and p = 4:, respectively. We will continue 
to use p dependent formulae when possible but we should be careful to remember that in 
this subsection the results are only valid for these two values of p. 
For maximally symmetric backgrounds we have 

R^, = 2Ag^, = -j^g^vHp - Afg^,, (3.35) 



'For some values of p also physical scalar fields behave this way. 
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and the first variation of the curvature scalar becomes 

rW ■= SR = -Dh + V^Vyh^'" - h^^R^u = -Dh + V^V^hf"" - 2Ah. (3.36) 

Using this expression in the Klein-Gordon equation for the field z we find 

n{l + lh)+Ai3l + lh) = lH, (3.37) 

where Vf^V^h'"' = H and h = /i^^. 

We thus seem to need another equation relating the fields z, h and H. This equation 
must come from the untraced Cotton equation since the traced one just gives back the 
scalar field equation for z. In fact, by decomposing the metric according to 

V = f^lu + D^^Vj^ + {D^D, - lgf,,n)<P + lg^,h, (3.38) 

we will obtain such an equation below. The Cotton equation is, after using the Klein- 
Gordon equation to eliminate some terms, 

'^C^u — ^jQ-{R^i, — jg^yR) — ^g^,yV{X) 

-fD^X^DyXi + Ig^.D'^XiD^X: + lXlD,,D,Xi = 0, (3.39) 

which now has to be linearized. This has been done in many places in the literature (usually 
with at most one scalar field present) and we just quote the result 

-TF(e'^a. - ^e(^"'^A«)(-^°^/3|-) + \^P\^''K)p + iV,)V^/i;3p - \Vp\V,^h + A/i^|,) - A%|,)) 
+^(f - -Sg^u + if (-°^ + H)-g^u + pD^d^l = 0. (3.40) 

If the Cotton equation is traced we get 

(n + 3A)| + |(n + 2A)/i = |ii' (3.41) 

which as expected is identical to the equation coming from the Klein-Gordon equation for 
z given above. 

We now need to analyze also the vector part of the Cotton equation. That is, we should 
keep the vector fields and get the equation for W^ = V^/i^jy. Using the decomposition of 
the metric given above we find after some algebra 

l^e.^^D^W^ = iD.an + 3A)^ + |(n + 2A)h - fif). (3.42) 

The scalar equation for z obtained above puts the expression in the RHS bracket to zero 
and hence 

e^'^'^D^Wp = 0. (3.43) 

Relating V^ in the metric decomposition to W^ we get an equation whose divergence 
becomes 

i/ = |n(n + 3A)(/. + iQ/i, (3.44) 
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and using this in the scalar equation for z leads to the following result: 

(n + 3A)(^ + §(/i-n</>)) = 0, (3.45) 

which means that there is actually only one physical index-free scalar field in the theory. 

In order to choose a convenient gauge^^ we note that the equation e^^^DaWp = 
suggests the gauge choice VT^ = 0. Choosing also Dcj) = h it follows that 

V = ^l^ + iD,,D^ - |9m^Q)</> + lg^,uh = h^^ + ^^^^<^, (3.46) 

and 

H = Df^D^D^D^cp = (D + 2A)n0 = (D + 2A)h. (3.47) 

As in the previous subsection, we find also here some features indicating that AdS^ bulk 
singletons play a role. Writing the parameter of coordinate transformations as ^^ = C^+d^^ 
we get a transformation of the trace of the metric involving a D which together with the 
appearance of D^ above should be compared to the discussion in [49]. 

Finally, the equation for the traceless transverse part of the metric hTJ is identical to 
the one obtained in pure TMG [14] namely 

{V{i^t)V{l)V{-l)\/hl^^ = 0, (3.48) 

where the operators 'D{1) etc are defined as 

V{1)/ = eSP, - Ye^'^PD^. (3.49) 

An analysis with more properties of supergravity taken into account can be found in 
the work by Becker et al. [17]. In particular, it is found there that at the critical point (and 
only there) super-TMG theories with AA = (1,0), N = (0, 1) and A^ = (1, 1) supersymmetry 
but without a matter sector satisfy a positive energy theorem (in the sign conventions of 
[14]) and are chiral in the same sense as in the bosonic case studied in [14]. 

3.4 Susy rules for any p 

In this subsection we will briefly discuss what the transformation rules tell us about the 
multiplet structure in the different backgrounds. The following formulae are valid for all 
values of p. 

The fields that appear after the superconformal symmetry breaking will organize them- 
selves into supermultiplets according to their number of SO{N — p) vector indices for the 
simple reason that the supersymmetry parameter does not have any such indices. Thus 
we find one multiplet with 8(A^ — p) d.o.f. for both bosons and fermions containing the 
following fields (the a-vector multiplet) 

x*a, V'a, A^°- {massive), (3.50) 



^■'Fixing the gauge completely, e.g., using the physical light-cone gauge as done in [50], one finds that all 
non-zero components of the metric can be expressed in terms of the stress tensor for the matter fields. 



17 



and one with 8p d.o.f. for both bosons and fermions containing (the a-scalar multiplet) 

C^ {massive), w , z, tpA-, -B^ {massive). (3.51) 

The remaining vector fields A°f{mhassless) and B^^{massless) couple to both multiplets 
as usual for CS gauge fields carrying no degrees of freedom. These two multiplets will also 
couple to the gravitational field with spin 2 which is still massless and without propagat- 
ing degrees of freedom. The corresponding statement for the spin 3/2 fields depends on 
the number of surviving supersymmetries. Below we will present some properties of the 
transformation rules that support this picture. 

The supersymmetry transformation rules are as quoted from [1, 2], with e^ = Aeg and 

42-1 

5e/ = ie,7"XM, (3.52) 

^Xti = D^eg, (3.53) 

-f X/.r'^t^e.X^lxf - §x,r^^egX^ (3.54) 

6Xi = ieraT'iPa, (3.55) 

S^^Ja = j^'rem{D^Xi - iAx^Vi^a) + IVemXixixi - fPe^X^X^, (3.56) 

5Af = f e-^7Mr>[,X^] + fx.r^^egX^Xl, (3.57) 

which we want to linearize around a general background. Consider first 5^lJa written as 

6^|Ja = r^'em{D^.Xi - iAx^r>„) - ^rem{X^Xi - 4X^X^X^), (3.58) 

where we recognize in the last term the expression whose square is the potential and which 
has been expanded in powers of the VEV in the previous section. 
Choosing first a = ^ we get 

6i^A = 7''re„^D^X\ + rr'e„^Df,X'A - #^^e„^(p - 4)5^ 
+ 3fr'emW^ + 2x(^^)) - 3^r'em{px'A + 26'az) 
-3g.re^{p-A)x^^ + 0{x^). (3.59) 

Note that in all non-Minkowskian backgrounds {p ^ 4) there are non-zero constant 
terms indicating a symmetry breaking of the superconformal symmetry. However, these 
terms can be removed by adding a special superconformal transformation 

5s^pa =< X\ > r'r]„^, Vm = em3g.{p-4). (3.60) 

Thus, the Q transformations present in any of the broken phases (except the Minkowski 
one) are obtained by this special combination of the Q and 5 transformations in the 
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conformal unbroken phase. For instance, in the round AdS case obtained for p = 2 this 
leads to the covariant derivative 

^Xfi = D^eg + -f^rig = {D^ - ^l^)eg := D^eg, (3.61) 

where we assumed that the same relation between r/^ and rjg is true as for the ordinary susy 
parameters. Note that as expected the new term is related to the cosmological constant 

A = -I^ = -^(p-4)^ (3.62) 

as ^ = Yi ■ Thus for p = 2 we find that 

D^ = D^- ^7^, (3.63) 

which is the same result as found in the ABJM case in [13]. In fact, this form of the 
covariant derivative is valid for all values of p (with / = oo for p = A). 

With this understanding of the mixing of Q and S transformations we have 



5^1^ A = rv'e^D'^iw'^ + IS'^'z) - i;(4^ - B^^)) + ^^^Ve^vE^ 
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+2f r^e^(3^^^ + l5'^z) - a^T'emipw'"' + 35^^)] + 0{x^), (3.64) 

where D'^x^ a = d^x^ a + -^hAbx^ B + Bj/x"^ a and where we have only kept the physical 
scalar fields that are not eaten in the higgs effect. At this point we should recall the 
discussion in the beginning of this section concerning the reduction of the two gauge fields 
to a single massive one and the structure of the interaction terms involving the remaining 
scalar fields that arose in that analysis. Using that information we will find that the above 
transformation rule is in fact rather non-trivial when written out in detail. 

Next we consider the transformation rule for the other choice of index a = a which 
after higgsing reads 

S^|;a = ri'^'emD'^x^^ + vT'emAf,') - S^rhmX^ + 0{x^), (3.65) 

which also supports the multiplet structure given above. 

There are many features here that need further study. These will be studied elsewhere. 

4 Comments 

The topologically gauging [1] of free matter CFTs in three dimensions with eight super- 
symmetries gives rise to an 0{N) type model with a novel six order scalar potential [2]. 
This potential consists of three different triple trace terms, one of them being (X^)^ where 
X'^ := X^aX^a with i = 1,2, .., 8 and a = 1,2, .., N. Neglecting the R-symmetry index this 
term is precisely the scalar term ((/)*(/)*)^ that has been discussed recently, see, e.g., Aharony 
et al. [51], in the context of the AdS4,/CFT^ correspondence relating 0{N) models in three 
dimensions to four-dimensional Vasiliev higher spins systems [52] . Note that the other two 
sixth order terms appearing in the potential of this topologically gauged model require also 
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the R-symmetry index to be written down. These two terms in the potential are therefore 
not present in the usual treatments of marginal deformations of 0{N) type models in three 
dimensions but are crucial for the critical solutions to appear in our models. In relation 
to the AdS^/CFT^ correspondence it may also the pointed out that in these topologically 
gauged 0{N) models the Chern-Simons terms of both vector fields and the spin connec- 
tion are multiplied by the same coupling constant (denoted g). Thus if the interpolation 
between the A and B type HS models in [52], parametrized by the parameter 9q, is related 
to the introduction of gauge interactions and a non-parity symmetric Chern-Simons term 
as argued in [53], and hence also to the related bosonization phenomenon, then in versions 
with M = 8 supersymmetry also gravitational Chern-Simons terms will enter on the field 
theory side. One may speculate that such spin two terms may be related to turning on 02, 
the second coefficient among the 02n parameters defining the HS theories that interpolate 
between the A and B type models in Vasiliev's system in AdS4. 

Some features of topologically gauged CFTs indicate that they may have a deeper 
role to play in the context of AdS/CFT. The AdS^/CFT^ correspondence was mentioned 
above but also the AdS^/CFT2 correspondence has recently been investigated in depth in 
many papers using Wn algebras in two dimensions and its connection to Vasiliev's higher 
spin systems in three dimensions, see [54]. In view of the fact that AdS^, arises naturally as 
a spontaneously broken phase of a three-dimensional topologically gauged superconformal 
theory as discussed in this paper, one may ask if this conformal theory could not itself be the 
boundary theory of an AdS^ theory. The sequential AdS/CFT that is suggested by these 
facts was first discussed in [55]. The new information since that paper was written, namely 
that the topologically gauged CFT^ with eight supersymmetries is actually a kind of 0{N) 
model, may thus be important. Also the possible role of singletons found in this paper may 
be pointing in the direction of such a sequence. In the topologically gauged ABJ(M) models 
first derived in [10] and developed further in [13] the situation is a bit more complicated 
since in that case there are more than one independent coupling constant for any choice of 
gauge group. The idea that several AdS/CFTs may follow one after the other has appeared 
previously in the literature. Based on higher spin and unfolding arguments, Vasiliev raised 
this possibility in [56] and made it explicit in a recent paper [57]. Speculations with the 
same goal based on AdSd foliations of AdSd+i can be found in [58]. However, the scenario 
of a "sequential AdS/CFT" coming from a topologically gauged CFT^ is the first one which 
relies on a dynamical model and a conformal symmetry breaking mechanism interpolating 
between two AdS/CFTs as pointed out in [55]. 

The main purpose of this paper was to elaborate on the observation that the topologi- 
cally gauged 0{N) theory with eight supersymmetries has a number of special background 
solutions with interesting properties. These solutions, of which two were found in [2], de- 
pend on the number of scalar fields that are given a VEV and can be characterized by the 
value of 111 where /x is the coupling constant of the gravitational CS term and I is related 
as usual to the cosmological constant. The solutions that appear correspond to the values 
fil = ^,1,3,00,5,3, |, 2. Here we recognize the second one as connected to chiral grav- 
ity, the third and sixth ones to the null- warped, or Schrodingier(z = 2), geometry while 
fil = 5 can be associated with a solution recently discovered in [29]. fil = oo corresponds 
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to Minkowski space and requires a separate discussion. 

In this paper we have tried to argue that although for each of these values there 
are more than one kind of solution, the ones that are relevant as broken phases of the 
superconformal topologically gauged theory are only the "critical" ones^^. For fil = \ this 
is based on the fact that the critical, or chiral, case has no propagating massive gravitons 
which should be a direct consequence of the connection to the superconformal unbroken 
phase which is also lacking such modes. The fil = 3 null- warped, or Schrodingier(z = 2), 
case has also been argued to be chiral in [25] but is also "critical" for seemingly different 
reasons, see, e.g., [38]. The working hypothesis adopted here that all the above values of 
fil have special solutions is indeed also supported by the existence of a special solution for 
fil = 5 [29]. The topologically gauged ABJ(M) theory [10] have similar properties but for 
a smaller set of solutions. 

For p = 8we get fil = 2 which stands out because it is even. If there is a special solution 
of this kind it should contain odd powers of e^' . Examples with such a dependence on p 
are known in theories containing a scalar field with a potential, see, e.g., [59]. In [60] the 
Fefferman-Graham expansion for NMG is discussed in detail and a generalized expansion 
introduced that can accommodate both novel boundary behavior in ^4^5 as well as entirely 
different non-^dS* boundary behavior like for the /// = 3 null-warped solution. There are 
also generalizations with higher values jil = 5,7, ... [61, 62]. 

The "critical" null- warped, or Schrodinger(2; = 2), solution is one of the most attractive 
three-dimensional geometries for condensed matter applications. This geometry (often with 
extra flat directions) is designed to have Schrodinger symmetries on the boundary that play 
a crucial role in, e.g., unitary Fermi gases (cold atoms) etc. 

Finally, let us return to the topologically gauged ABJ(M) case mentioned in the in- 
troduction. There we recalled the result from [10] that giving a real VEV v to one of the 
complex scalar fields gives rise to a background solution corresponding to a super-TMG 
theory at the chiral point. In the context of the topologically gauged SO{N) model inves- 
tigated in this paper the VEV was generalized to a p x p diagonal VEV matrix leading to 
a number of interesting backgrounds. Repeating this step for the ABJ(M) case we find, for 

ul = J ^ ~^^^ . (4.1) 

^ \l 5p^- 24p -M6 ^ ^ 

The values produced by this formula are 

pi = 1,1,^^,00, (4.2) 

where we recognize the first two as critical round AdS and the last one as Minkowski. 
This analysis for ABJ(M) is valid for infinite level but one should note that if the other 
two sets of potential terms (i.e., the single and double trace terms) are kept they may be 
non-zero in some of these backgrounds. From the properties of the structure constants 



^^A way to make this more concrete may be to consider the unitary representations of SO{3, 2) that are 
involved and how they behave under the symmetry breaking. This way of looking at it could, e.g., explain 
why only the representations of 5*0(2, 2) with the correct properties appear in AdSs. 
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f^^cd summarized in [55] we see that even the part of the potential hnear in the structure 
constant may contribute: f^^ab ~^ N'^N' — NN'"^ giving p{p — 1) in a vector model (that 
is, for N' = 1) with N = p in the background. 
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A Cancelation of terms in SL with one or no D 

Before starting the computation we give our conventions. We use a mostly plus metric and 
a Levi-Civita tensor defined by 

(A.l) 

(A.2) 

(A.3) 



(A.4) 
The lagrangian that we need in the following reads 

+ iA"f ■ -fVi^Xi + iAi2f ■ xX^ + A^seRX^ 

+ ieAiii^ai'aX'^ + ieA'^^i^ai^hXixi + ieAi^{[jaT'HbX[xi 

+ iex ■ iVi^aiAi^KX^ + A[^XiXlXl) 

+ iex ■ x{A,r{X'f + A[,{X:Xi){XlXl)) 

+ iee'^'^Px.luXpiAisiX^f + ^,,{XlXi){Xlxi)) 

+ eA,,{Xy + eA[,{X'){X:Xi){XlXi) + eAUx:Xi){XlX^){X',Xl), (A.5) 





gM^p. g012^^^^ 




Then 








-26^6'^, e^''Pe^pp = - 




Our gamma matrices satisfy 


{7^7''} = 25^^ 




and are chosen such that 






g^Mi^P = gMi^P 


e7^^ = e^^^7p, 267^^ 


= -e'^'^.p 



22 



where all the terms in the first four lines (except — ic's(A)) were determined in [1] with the 
following result: 

A = A, A' = -\, A" = A, ^12 = i, ^13 = -i^, and A^ = \. (A.6) 

—Lcs(A) plus the potential were found in [2] by various methods. This appendix is a 
continuation of the Noether computation started in [1] and supplies the missing details of 
the presentation in [2] where the final result was first presented. Here we also give a more 
direct argument leading to the normalization of ^-^csfA) than that given in [2]. The new 
terms in (5-0 and SB^ii will be crucial. We therefore give them explicitly: 

5^Pa = rVem{D^Xi - iAx^^T'i^a) + B^VemXiX^ + 3^^6^X1x1x1 (A.7) 



where A = ±—^, and 

v2 

6Bi^ = -±e,r^j,^^r - ^i^al^r^'emX', - '-M^p,J^ThmXi^ 

- 'ix,r'%xi^x', - f^Xf.r'^egX\ (a.s) 

Now we add also a variation of the gauge field but without the usual three-algebra 
structure constant, i.e., 

SA^ab = 2iqem7,.^%Xi] + q'iXt^r^egXixi, (A.9) 

leading to the following form of the covariant derivative 

D,X: = d^X^ + BJ^Xi + A.a'Xl (A.IO) 

The various kinds of terms with one derivative D that can appear in 6L and need to 
be canceled are with two fermions 

eD^pX^, eDxX^, (A.ll) 

and a D together with four fermions 

eD^X^, eDiPxxX, eDxx^X^. (A.12) 

The D^ and D^ terms in 5L were dealt with in [1]. 

A.l Terms with one D and t^vo fermions: eDipX"^ terms 

Starting with the cancelation of eDipX^ these terms arise from a number of places, namely 

SLKG\5B=eipX-, SLr)irac\sip=eX3 and SLi^Yuk)\si'=€DX- 

Adding these should give something that can be canceled by adding a term xi^X^ and 
vary x- Note that B^ and Bq are obtained from the computation now to be done. 



SLKG\sB=etpX,SA=eipX 

= -eiD^x:)xi{-^^p,^,r^^^x^ - ^Ji;,^^ThmXl^) 

-iqe{D^Xi)Xie^^^T^{i^aXl - tl^.Xl), (A.13) 
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where we see that the first term needs to be canceled by the Yukawa term containing F*-' 
and the other can be written with the antisymmetry written out and with an index b on 
the spinor and i on the T in all terms: 

5L4- KG I SB=eiljX,5A=eipX 

-iqeiD'^XDXiem.Jt^ri^bX: + iqeiD^X^Xle^^^r^^Xl (A.14) 

Next we derive the contribution from (^-^5(z)jrac)l<5i/)=eX3: 

<^-^5-Dirac|5i/i=€X3 

= iei^bT'rb^er,^{B^XiX^ + B^xlxlXl) 

+ iei^^r^^^err^D^iB^XiX^ + B^xlxlXi), (A. 15) 

and from 5LYukW=eDX we get: 

^LYuk\5^=eDX 

= 2ieAuxPbrjf'em{D^Xl)X^ + lieA^^i^br^^^emW^.XDxiXl 

+ 2ieA,5i^hr^''r'J^'em.{D^Xi)XlX^ 

= 2ieAu^i;brJf'er,^{D^Xi,)X^ + 2ieA[^^/;br-f^'em{D^,Xi)Xixi 

+ 2ieAi5Ar'^'remiD^.Xi)xix^ 

+ ieA^5i^trh^eUD^X^)Xl - 2^eAl5A^-f^'em{D^xr)xixl (A.16) 

Since we are avoiding derivatives on if; we must cancel terms as they are without 
integrations by part. Then all terms except the De must cancel directly. The first terms 
to cancel are the T*-' terms giving 

2^15 - ^ = 0. (A.17) 

Then from the cancelation of 'ip...€mX'^D^Xl and Tp...emXlD^X'^ we get 

^5 + 2^14 = 0, B5 + Ai5 = 0, (A.18) 

which implies 

^5 = -i, B5 = -2Au, Ai5 = ^. (A.19) 

Looking now at the terms {D^Xi)XlX^ and (L'^X*)XaX^ we find cancelation for 

-^ + Bq- 2Ai5 +q = 0, (A.20) 

and 

^ + Be + 2A[^ = 0, (A.21) 

and for the last kind of such terms {D^X^)Xl^Xi: 

Be-q = 0, (A.22) 
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giving the result 

B6 = q=l, A[^ = -||, using ^15 = ^. (A.23) 

Finally to cancel the -D^e term we must add 

iex ■ j^MAwXlX^ + A[eXixixi) (A.24) 

with 

AiQ = -AB5 and A[q = -ABq (A.25) 

A. 2 Terms with one D and two fermions: eDxX^ terms 
These come from the following variations 

-q'ie{D^X:)Xlx,r^''egXixt, (A.26) 

= ieAB,XurT^l''7''em{D^X:,)XiX^ 
+ieAB^XuWri''e^{D^Xi)xlxlxl (A.27) 

<Jl/10|5V.=eX3 

= iAl'B^f^^^rvemXix^xi + iA"Berj^rrh,nXix^x^xi 

= iA"B,rj^emixY + iA"Berj^emXiXiXiXl, (A.28) 

since the F*-^ term vanishes! Next term is 

^Lm\s^=,nx = i^X ■ jrSMAmXlX^ + A[^XiXiXl) 

= iex ■ 7rr''r^m{D^X',){A,,Xi^X' + A[,Xixixl). (A.29) 

Here there will be a nice test of the coefficients so far since all F*-^ terms must cancel when 
summing up the expressions above. The reason is that no x'^X'^ terms can be written down 
with F'-' matrices. 

We now have all the contributions and can start to require cancelations from susy. 
First, the F*-^ matrix terms give for the X"^ terms, using also the relation for B4, 

^g^^'cg + AB^rY^m - ^i67'7^em = 0, (A.30) 

which means 

^g^-Eg + A^B^^^^^eg - AA^^'^^^eg = 0, (A.31) 

giving for the ^^^ terms 

iSs + AAiQ = 0, (A.32) 
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and for the g^"^ terms 

^ + i^s - AAiG = 0. (A.33) 

Adding and subtracting them give the following two equations 

S5 = -i, AAie = :^. (A.34) 

Next we turn to the F*-' matrix terms give for the non-X^ terms 

fe{D,xi,)xi{rr%xixt - rr'^e.xixt) 

-q'ie{D^X^,)Xix^.r^''egXlX^ 

+ieAB^XuT'h^l''er,^(D,,X^MlX^^X^ 

+ieA'^^X ■ 7r'7''em.{D^Xt)XiXiXl = (A.35) 

Changing indices to get the same factor of {DX)X and then dropping it gives 

-Ix'^r'^egXix^ + ix>'r^%xix^ - q'x,r^%xix^ 

+ABeXur'Yl''emX^Xl - A[^x ■ jV'j^emXix^ = 0. (A.36) 

The 7-terms must give rise to an anticommutator which means that 

A[e = -ABe, (A.37) 

and then the whole equation becomes 

-Ix'-T^gXlx^ + irr^%xixt - q%r^%xixt 

+2ABGX.T'hmX^xl = 0. (A.38) 

Using that e^ = Aeg then gives 

-^V^xlx^ + IV^Xix'^ - q'V^XiX^ + 2A^BqV^X^xI = 0, (A.39) 

implying 

q' = 1 2A^Be = 1 or Be = l. (A.40) 

Now we check the remaining terms, i.e., those without F-matrices 

'iAB5Xul^Y^mD,,{X^f + 'iABeXurYemD^iX^.XlXiXi) 
+iA"Bj''j^em{X''f + iA"Berj^e^X:XlXixi 
ViA^^Xul'^remDM^f + 'i^i^Xul'l^emDMlXlXiXl), (A.41) 

where the last two terms come from the above variation of Cj in the RX^ term. Note that 
the very last term then cancels the second term! 
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Then with 67^^^ = e'^'^^jp the X'^ terms containing / become (the rest of the terms 
work the same way) 

= -^A"B5e''''Pxp7,.{D,em){X^f - ^A'S^e^-^Pxp-f^^emiD^iX^) + contortion 

= '^A"Br,x^,r''{Duem){X^f - '^A"B5X^r''emiMX^f) + contortion, (A.42) 

after an integration by parts. 

We can now coUect and cancel the D{X'^)'^g^'^em terms: 

^Ai6 = -i^s, (A.43) 

while the antisymmetric part implies 

- \AB^ + \Ai^ + \A!'B^ = 0, (A.44) 

which just means that the previous relation is obtained once again. 
Add now term 18 in L 

Lis = ieA^^e^'''Px^.luXp{X^)\ (A.45) 

which varies into 

<5Li8 = 2ieAi^e^''PDpeg^,Xp{X^? - ^eAise^'''''xp7uXpiX^)Xiemr^Pa. (A.46) 

Thus if 

2Ai8eg = lAB^em, (A.47) 

the one-derivative terms cancel so (sing 2A'^ = 1) 

Ais = |i?5. (A.48) 

Since the other terms work the same way the full new term in L is 

Lis = icAise'^'-Pxt.luXpiX^? + ieA[,e''''Pxt.7uXpX:xixixi, (A.49) 

with 

^18 = 1^5 and A'ls = ^Bq. (A.50) 

Note that no x'^X'^ term without the Levi-Civita tensor is not needed just as in ABJM. 
With the obtained values we see that 

^18 = -sfe «^^ ^18 = M (A-51) 
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A. 3 The normalization of the CS term for the gauge field Afl' 

After having determined the coefficients q and q' in the variation 6A°^ we must now return 
to the question of the corresponding CS term appearing in L and its normalization in terms 
of the parameter a. We will trace the places in the previous derivation of the lagrangian 
where the field strength Ff^^ appears simply by looking for where GJJ^ appears as a result 
of evaluating the commutator of two covariant derivatives acting on A*. Note that this 
computation also arises acting on the supersymmetry parameter in some cases but then 
-F"^ will not appear since the susy parameter is inert under gauge symmetry. 

There are two places where -F^^ appears: in the variation of the Dirac kinetic term 
giving 

^,e>^-'P^alpre^{G%Xi + F^tXl), (A.52) 

and from the variation of the term denoted L' 

iA'e>^'^f>X,r%{G%Xi + Ff,Xl)Xl (A.53) 

These contributions to bL must be cancelled by adding terms to the variation of the 
gauge fields using 

<5ic5(B,A) = y^B'^\ne^G% + l-^,^^nAf\ne^Ff^. (A.54) 

For the R-symmetry terms this implies 

i?2 = -f, S3 =5^', (A.55) 

as we already have seen. However, for the gauge field A^^ the results are new and read 

a = -2q, 2aA' = q' , (A.56) 

which must give the same answer for a. Inserting q = q' = ^ and A' = —j we find that 
this is indeed the case: 

a = -f . (A.57) 

A. 4 Cancellation of terms w^ith no D and tvi^o fermions 

Here we concentrate on the cancellations that will lead us to the form of the potential. 
Start by varying the X^ potential 

L^a = eAMX'f + eA[,{X'){X:,Xi)iXlxi) + eA'l,{Xixi){xix^){X^Xi). (A.58) 

We find that varying this term gives 

6Lx. = ze(e-,7^XM)(^i9(^')' + A[,{X^){X:xi){Xlxi) 
+A!i,{XlXi){XiXl){X'!Xi)) 

+ieAi^Q{X^fXlerar^lJa 

+ie^^,{2Xte^T^MKXi){XiXi) + AX\XlemT^^a){XiXi)) 

+ieA'l, (66-^r>, A;J ) ( A^ A^^) ( A,^ A^) . (A.59) 
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From the x terms we can obtain uniquely the Ai^ coefficients in front of the x^^'^ 
terms using 5iIj = eX^. This variation reads 

= iex ■ jrV^eUB^X^Xixi + B,X^Xixl,){Ai,XlX^ + A[,XiXlXl). (A.60) 

Here ah F*'' terms vanish since all expressions in terms of six scalars are symmetric in two 
free ik indices. Thus the above becomes 

^L^^X3 Uvi.jfS = ^^^ ■ I'^miB^Xl^X^X^ + BQXlXaX^){AiQXl^X + A^gX^XlXD 
= -iee^nl ■ X(^5^i6(^')' + (i?5^'i6 + B(,Ai(,)X^X'iX'^ + B^A'^^X'^ X^^ X^%k.Ql) 
Thus the cancelation of these terms gives the relations 

Al9 = i?5(^^16), ^'i9 = ^5(M6) + ^6(^^16), A![^ = Bq{AA!^^) (A.62) 

Now recall 

'^-^5(Dirac)l<5i/)=£X3 

= ie^Pbr'jf'D^emiB^XiX^ + SgX^X^X;^) 

+ ie^PbVjf'emD^iB^XiX^ + SgX^X^X;^), (A.63) 

where only the De terms remain to be canceled which is done by the term 

^x^x3 = iex ■ iT'MAieX^X^ + A[,XiXlxi). (A.64) 

The 5Xfj. = D^eg variation gives 

5L^^x-^ \5^^=D,., = ieD^eg^^rMAwXix' + A[,XiXixi) 

= iei;al^rD^eg{AieXiX^ + A^^Xixixi). (A.65) 

Cancelation implies 

AB5 = -Aie, ABe = -A[e. (A.66) 

Hence we know the six order potential: 

A,, = -Al, = -{AB,f = -^, 



A[g = -2Ai6^;6 = -2^255^6 = #«, 



A% = -iA[,f = -{AB,f = -^^. (A.67) 

With a potential the theory should have an AdS vacuum that puts the theory at a 
chiral point. If we set the VEV < X >= v we find that the potential gives 

L^6 {v) = (^19 + ^'19 + A!i^)v\ (A.68) 
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Adding the gravitational CS term and the X^R term evaluated at the VEV we get 

LAds = Lcsiu.) - TF^ + Lx^ (^) (A-69) 

We should compare this to Li, Song and Strominger (LSS) for the chiral point but with 
TMG signs in the lagrangian: 

LLss = ^{-LcsH-e{R-2A)). (A.70) 

Thus ^1 = -n and u^ = -|. The chiral point condition is /i/ = 1 where I is defined by means 
of the cosmological constant as A = — j^. This implies that, to end up a chiral point, the 
potential must satisfy 

\L,.iv) = ^ = -^ = -¥ = -^ = -fl^. (A.71) 

Thus we see that for the theory to be at the chiral point we must require 

^19 + ^19 + ^19 = ~T6^ ~ ~2048' (A. 72) 

(which strangely enough happens to be exactly Aig above!). 

Next we consider the variation of the Yukawa terms that connect to the variation of 
the X^ potential above 

Lvuk = ieAuil^ai^aX^ + ieA[^i;ail^bXixi + ieAi^iJaT'^ i^bXixl (A.73) 

Vary this using the ^p = eX^ expression 

Si>a\eX3 = B5^'er,^X^Xlxi + BeV'^emX^ X^xi (A.74) 

We get 

6LYuk = 2ieAi^i^a5^aX^ + 2ie^^^i^a5^aiXl + lieAi^^^aV'^ 6x1^^X1X1 
= 2ieAuMB5r''emX^X^ + B(,T''emX^X'^Xl)X^ 
+2ieA[MB5r'emXtX^ + B^T''emX^,Xix[)Xixi 
+2ieAi^i,aT'^{B^T''e^X^X^ + B(,T''e^X^,Xix[)Xixl (A.75) 

From the conformal variation of the spin 3/2 field in the 16'th term in L we get 

(5Li6 + <5Li6,)lx=7.x2 = 3iei?7e™rVa(^i6^:(^')' + A'^^XiXixix^) (A.76) 
Cancelation gives the relations 

{X^fX': 6^19 = 2^5(^14 + ^15) 

{X^^X^'')X' : 2A[g = 2^6^15 

X^X^'X' : 4A[^ = 2^5(^14 " ^is) + 2^6^14 

X^Jx^'X': 6A';^ = 2Be{A[^-Ai5). (A.77) 

Inserting the values of the various parameters on the right hand sides as derived previously 
we confirm the values of AiQ,A[g,A'(Q found above. 
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